In this paper we calculate quantitative characteristics of basic geometric and kinematic properties of the Standard Cosmological Model (ΛCDM). Using equations of Friedman uniform cosmological models we derive equations characterizing a ΛCDM, which describes the most appropriate real universe. The equations take into account the effects of radiation and ultrarelativistic neutrinos. We show that the universe at very early and late stages can be described to sufficient accuracy by simple formulas. We derive moments when densities of gravitational components of the universe become equal, when they contribute equally to the gravitational force, when the accelerating expansion of space starts, and several others. The distance to the expanding spherical horizon and its acceleration are determined. Terms of the horizon, second inflation, and second horizon are explained. The remote future of the universe and the opportunity in principle of connection with extraterrestrial civilizations are discussed.
Introduction
Let's list the questions that reveal the essence of the model. What is equal the Hubble distance? At what distance from us is the horizon? What is the speed of expansion at the horizon? What is the rate of expansion of the horizon? What is the acceleration at the Hubble distance and on the horizon? When did acceleration start, at what redshift? What will happen to the universe in the distant future? What is the second inflation and second horizon? To what distances, in principle, can a signal reach extraterrestrial civilizations? From what distances will they be able to answer?
This paper provides answers to the questions posed above and describes quantitative characteristics of the cosmological model, which is called Standard. Based on this model, the anisotropy of the relic radiation was quite accurately reproduced, and primary nucleosynthesis and formation of large-scale structure of the universe were calculated, as described in well-known monographs [1, 2, 3, 4, 5] . However, we do not touch on these and other physical problems of the history of the universe, limiting ourselves to geometric and kinematic studies of the Standard model. We begin with a brief exposition of the general theory of homogeneous cosmological models.
2 Basic equations of homogeneous cosmological models
Space-time metric
As is known, any construction of the space-time model begins with the establishment of its metric. For cosmological models, the metric in conventional notation has the usual form: ds 2 = c 2 dt 2 − dl 2 . It is convenient to determine the following alternative functions, connected by the relation, cs (1) Acceptance of the cosmological principle, according to which everything that there is in the universe on a large scale and at each moment is distributed uniformly and isotropically, so that all points of space are equal, everything that occurs in each of them and with respect to them is completely the same, leads to the metric of space:
where η and χ are dimensionless (conformal) time and spatial coordinates, with k = 1, 0, -1 corresponding to a closed, flat, and open space, respectively, R(η) is the radius of curvature, dω 2 is the metric on the sphere of unit radius, with angular coordinates θ and ϕ. The curvature, k/R 2 , is constant at every moment in the entire space. The only special point of space is the place where the observer (humanity, we) is, and the special moment is the current era. According to the metric (2), the metric, l, and conformal distances with respect to the initial point measured along the ray θ = θ 0 , ϕ = ϕ 0 , and the radius r of the sphere, to the points of which the distance is equal to l at the conformal time η, are related to the radius of curvature by the equalities: l = R(η)χ, r = R(η) sn k χ,
wherein l > r at k = 1, l < r at k = −1, and l = r at k = 0. The conformal time η is connected with the usual time, which is fixed by the value of the density, by the equality cdt = R(η)dη. In these variables, the metric takes the form of the Friedman-Robertson-Walker metric:
The Friedman Equations
From the equations of the Einstein theory of gravitation (GR) with the metric (3), two equations for the radius of curvature are derived, known as the Friedman equations:
Here ρ is the total mass density of matter and radiation, P is their total pressure, and Λ is the cosmological constant. The terms with the cosmological constant in Eqs. (5)- (6) can be appended to the first summands that allows us to determine the total mass density and pressure, as well as the gravitational density:
To satisfy these relations, it is necessary to determine the density and pressure, corresponding to the cosmological term, as follows:
Then the equations will be written in shorter form:
or, for a scale factor a =
The past corresponds to the values a < 1, in the current era t = t 0 , R = R 0 , a = 1, redshift z = 0, and for the future a > 1, −1 < z < 0. The scale factor and redshift are tied to the current era. Their specific values are relative to definite points of space (certain objects on the corresponding distance, that is, on a sphere of a certain radius with the center at the starting point) and do not change during the expansion of the universe. For compatibility of equations, an additional condition is required:
where the new variable, H =Ṙ R , like the radius of curvature, depends only on time. We call it a Hubble function. Its current value H 0 is the Hubble constant. The relation (12) can be interpreted as the condition of adiabatic expansion of space along with its contents, since it implies that the differential of the total energy in volume V satisfies:
Equation (9) also yields an equation that the Hubble function obeys:
Non-interacting components
After the annihilation of electron-positron pairs, the composition of the universe became simpler, and since then its components are the matter (including baryon and dark matter), radiation, neutrino, and so-called dark energy (formerly called the vacuum), whose density and pressure are given by formulas (8). Of course, at high temperatures the matter was relativistic, but then its relative amount was small. Similarly, due to the finiteness of the mass, at low temperatures neutrinos transform from ultrarelativistic to relativistic (moderately or weakly) or even nonrelativistic, but then their mass fraction is small. Therefore, we assume that during the entire evolution of the universe over the period under consideration, the matter does not exert pressure. This means that the matter is non-relativistic (dust-like), while all kinds of neutrinos are ultrarelativistic. We can assume that, during this period, the four components did not interact with each other. Dark energy in general does not interact with anything, while the interaction of cosmological neutrinos with matter ceased before the annihilation epoch. Radiation interacted with matter, namely, free electrons and photons interacted until the end of the recombination epoch. However, after annihilation and establishment of equilibrium distributions, Compton (Thompson) scattering changes noticeably neither the number of photons and electrons, nor their energies. Therefore, the evolution of the components took place independently.
In view of the foregoing, the equations of state of the four indicated components: the dust matter (d), the radiation (r), neutrinos (ν), and dark energy (Λ) are written in the form
The condition (12) is fulfilled for each non-interacting component separately:
The equations are easily integrated, which provides the evolution of the densities of the components:
Here, as above, the index 0 means belonging to the current era.
Critical parameters
In theory, the critical density, which plays an important role, and the fraction of all components in it are defined as:
The sign of differences ρ t − ρ c and Ω t − 1 coincides with the sign of k. If ρ t − ρ c = 0 then Ω t − 1 = 0 and k = 0. The shares of individual components are also determined:
The densities of the components are expressed in terms of the current critical density and their current shares in it:
Since radiation and neutrinos evolve in the same way, one can introduce their common density and pressure:
Through the introduced quantities, the second equation for the scale factor (11) is rewritten in the form:
The first equation has already been taken into account in formulas (20).
Radiation, horizon and distances
The equation of motion of the photon along the ray θ = θ 0 , ϕ = ϕ 0 , toward us follows from the equality ds = 0, and connects its spatial and temporal coordinates: χ = η 0 − η. At the instant of radiation χ e = η 0 − η e . Since η e ≥ 0, then χ e ≤ η 0 . The equality χ e = η 0 defines a horizon-sphere. Photons left it at the initial moment. For χ e > η 0 a photon, even released in our direction, still has not managed to reach us. This is a geometric horizon. There is also a physical horizon, which is the sphere of the last scattering during cosmological recombination. One can look beyond it. The theory of nucleosynthesis and the interpretation of distortions of the cosmic microwave background (CMB) or relic radiation allow us to do so. However, it is not possible to look behind the geometric horizon, in principle.
In cosmology, several distances are introduced. First, there is a metric distance, which is the distance along the line of sight drawn from the observer with fixed angles (see formula (3)). The velocity of its change, which is the expansion rate at an arbitrary epoch, η, complies with Hubble's law:
The Hubble distance, at which the expansion velocity is equal to the speed of light, is l H = c/H; the current Hubble distance is l
The relationship between speed and redshift is more complex than that between speed and distance. At the current epoch the relation is:
This connection is model dependent and admits velocities greater than the speed of light, so that the cosmological redshift is not identical to the Doppler effect. The reason is that the photon changes its frequency not only at the instant of radiation from a moving source, which is taken into account by the Doppler effect, but experiences a decrease in energy at each point of its flight to the observer due to the expansion of space, which occurs according to a certain model. The expansion occurs identically with respect to any point considered as a center. The existence of cosmological velocities higher than the speed of light does not contradict the theory of relativity, since the mutual receding of points occurs not because of their movement, but because of the expansion of space, in which no signals are transmitted with such velocities. Other distances are determined by a common principle: the expression for any value in an expanding and, generally speaking, non-planar space, is written down, and then this expression is equated to that expression that would be true for the usual Euclidean space at a given distance. The distance is named according to the value, for which formulas are written. Usually the following distances from the observer are used (we define them at an arbitrary epoch, t = t(η), but for the selected point where we, humanity, are located):
1. According to the angular size l ad = R(η − χ) sn k χ, which is the radius of the sphere with a center coinciding with the observer at the moment η − χ, corresponding to the point to which this distance is determined. The distance becomes zero for χ = 0 (at the point of the observer, as one might expect) and when χ = η (on the horizon). At some point the angular size has a minimum value. This means that the angular size of objects with the same linear size decreases in the beginning as the object recedes from the observer, and after passing the distance at which the angular size reaches its minimum value, it increases. This is due to the fact that in remote areas that correspond to earlier stages of expansion, the universe had a smaller scale, so that the lines of sight were closer to each other. Similarly, when a rail of a certain size is moving from one pole of the Earth to another, first its angular size decreases, and then increases, since the meridians converge approaching the poles.
2. According to parallax l pl = R(η) sn k χ, which is the radius of the sphere, but rather with a center at the point to which the distance is measured, and at the time of the measurement.
3. According to the number of photons coming to the observer from the source, taking into account the difference in passage of time at the source and the observer, l nb = l pl R(η)/R(η − χ).
According to bolometric brightness
, where in addition to the difference in the passage of time, the loss of radiation energy due to redshift is taken into account.
To obtain the current values of these distances, it is necessary to substitute η = η 0 , and R(η 0 ) = R 0 .
3 Standard Model (ΛCDM)
Model Parameters
Modern cosmology has become a science based on observational data that now have sufficient accuracy to construct a model that is most appropriate for the real universe. The most important is the circumstance that space is very close to flat, which leads one to assume that k = 0. In this case the radius of curvature is infinitely large and should not appear in expressions for quantities having physical meaning. Therefore, as is often done, for its contemporary quantity we take the Hubble distance: R 0 = l 0 H = c/H 0 . Then the metric (4) is rewritten as:
Of all the cosmological parameters, the current temperature of radiation called the cosmic microwave or relict background has been determined with the greatest accuracy, its value is
The temperature of the neutrino is connected to it as T ν = 3 4/11 T = 0.71377 T , T 0 ν = 1.9469 . The coefficient is obtained from the consideration that due to the adiabatic expansion, the entropy of the total mixture of matter and radiation does not change, while during the annihilation of electron-positron pairs their entropy passes to the radiation [6] . The entropy of the neutrino gas depends only on its temperature, and does not change.
Since radiation and neutrinos are ultrarelativistic, their mass densities are proportional to the fourth power of their temperature. For radiation according to the Stefan-Boltzmann formula (a SB = (8π
For six types of neutrinos, which are not bosons but fermions,
Together, radiation and neutrinos have a density:
The Hubble constant, according to the latest definitions, is known to within a few percent: H = 70 ± 3 km/s/Mpc [7] . Here we assume that H 0 = 70 km/s/Mpc = 2.27 · 10 −18 1/s, exactly, so that the current critical density and the Hubble distance are equal to 
The main gravitating component of the universe, according to modern concepts, is dark energy; its share is estimated as 0.721±0.035 [7] . Let's take the value Ω 
Basic dependencies
Substituting into equation (22) k = 0 and dividing the variables, we obtain the relationship between the time and scale factors, and using the relationship cdt = l 0 H a(η)dη, the relationship between the time coordinate and a as well:
If we introduce the notation:
and make the change of variable a = x/x 0 , then the equation (22) will be transformed into
and the relations between the variables take the form
The parameter of the integrals with variable upper limit is β = 265.69. The values of the constants H Λ = 59.397 km/s/Mpc = 1.9249 · 10 −18 1/c, x 0 = 8.8088, η * = 10.381. The age of the universe according to the Standard model with the adopted values of the parameters is t 0 = I 1 (x 0 , β)/H Λ = 13.722 Gyr.
The two integrals are computed numerically and approximate representations of integrals are possible as well. For small x, relatively simple formulas can be obtained: 
Here r = √ 1 + βx, q = 1 + r. The formula for the integral I 1 represents it with a relative accuracy of 10 −6 for x ≤ 1.9, 10 −5 for x ≤ 2.5, and 10 −4 for x ≤ 3.2. The accuracy of the formula for I 0 is somewhat higher: the value of 10 −6 is already achieved for x ≤ 2.1, 10 −5 for x ≤ 2.9, and 10 −4 for x ≤ 3.6. For large values of the argument, the behavior of the integrals is substantially different. The integral I 0 for x → ∞ has a finite limit, and I 1 tends to infinity. Approximately, they can be represented as follows: Here F (a, b, c, x) is hypergeometric function. For x * , we can take the value of 10. For β = 265.69 the values of the integrals in the last formulas are: I 0 (∞, β) = 0.42880, I 1 (10, β) = 0.94380, and P (10, β) = −1.3992. Calculations using formula (38) give the value of I 0 (x, β) with five significant digits when x ≥ 7.3, and with (39) five significant digits of I 1 (x, β) are obtained when x ≥ 8.5.
Roles of components at different epochs
In the expressions for total density
and gravitational density
the density of dark energy is constant, while others decrease with time. Therefore, at different epochs the components have played different roles. At certain moments, the densities become equal. Since the components give different contributions to the gravitational density, namely, the radiation gives a double positive contribution, and the vacuum gives a double negative one, their effect in gravitation is equalized at different moments than in density. All these moments are given in Table 1 , which shows the values of the parameter x, the redshift z, and the coordinate η, the fraction of the full age and the age of the universe itself at the corresponding moments, as well as the time elapsed from these moments to the present era. The gravitational density becomes zero at a value of x determined by the equation x 4 −(β/2)x−1 = 0. Moments when ρ d = ρ Λ and when ρ g = 0 almost coincide, because the radiation and neutrino densities are small then. The moment when ρ rν = ρ Λ corresponds to the time when x is very close to 1.
Distances, speeds, acceleration: past, current, and future
The metric distance from the observer in the current universe to the location with coordinate χ in the Standard Model is given by the formula following from (23) and (35):
Figure 1: Distances as functions of x (left) and z (right).
In the flat model sn 0 (χ) = χ, so that the metric distance, the parallax distance, and the radius of the sphere coincide: l = l pl = r. In the Standard Model, with the expression for l/l 0 H , the expression for the dimensionless expansion rate v/c also coincides. Indeed, at any time:
In what follows, we speak mainly of current values and use dimensionless distances, measuring them in a Hubble distance according to the schemel = l/l 0 H . All distances and v/c are expressed via the metric distance:
In Figure 1 dependences of distances on the parameter x (left) and redshift z (right) are plotted. Let us single out two moments related to distances. The first moment is when the distance according to the angular size takes the maximum value (z = 1.6302), and the second moment is when the current metric distance turns out to be equal to the Hubble distance (z = 1.4233). These data, and also for comparison, the moments corresponding to several characteristic values of the redshift, are given in Table 2 as a continuation of Table 1 . Table 3 lists values of the distances to the points indicated in Tables 1 and 2 .
The velocity of change of the distance along the parallax coincides with v/c, since this distance itself coincides with the metric one. The rates of change of the remaining distances are determined from their definitions by differentiation with respect to time with a fixed spatial coordinate χ. The expressions for these velocities are given in Table 4 .
The acceleration of cosmological expansion is found using the first equation in (11):
As already mentioned, in the gravitational density ρ g = ρ d + 2ρ r − 2ρ Λ densities ρ d and ρ r with the growth of the age of the universe decrease, but ρ Λ = ρ 
the expansion occurs with an acceleration. But the acceleration at the current Hubble distance (speed equal to the speed of light) is only:
In the distant future at t → ∞ (z → −1, η ∞ = 4.4514)
e HΛt = 0.46000 e HΛt , x ∼ 4.0520 e HΛt , η ∼ η ∞ −2.5619e −HΛt .
Thus, the scale of the universe will increase exponentially, that is a second inflation will take place, which we will discuss in more detail later. However, according to (48), really an exponential expansion will begin only for t ∼ t Λ = 1/H Λ . The time scale is 1/H 0 = 4.4081 · 10 17 s= 13.969 Gyr, t Λ = 1/H Λ = 5.1950 · 10 17 s= 16.462 Gyr. We also define the
Gpc. The speed of expansion of space at the Hubble distance is, by definition, equal to the speed of light. The velocity of change of the Hubble distance itself is found using equation (14):
Figure 2: Visible and invisible parts of the universe.
The first horizon is called geometric (remember that the physical horizon is a sphere of the last scattering at z ≈ 1000), while the second horizon can be called the kinematic or dynamic horizon. Other names are also used, borrowed from the terminology of the theory of black holes. The geometric horizon is called the horizon of particles, and the kinematic horizon is called the horizon of events.
At an arbitrary epoch, η, the first and second horizons are determined by the equations:
In Figure 2 positions of the geometric horizon are indicated on the ordinate axis. The lines corresponding to this horizon are parallel to the abscissa. They rise with time, reflecting an expansion of the horizon. The second, kinematic, horizon is shown by a straight line connecting the abscissa and the ordinate, which are equal to η ∞ , while its specific position corresponds to the time on the abscissa axis. The paths of photons coming toward us, are represented by straight lines parallel to this straight line. Photons can start their journey from any point of the trajectory. Photons, for which η e + χ e < η ∞ , that is, moving along straight lines lying below the straight line specified above, sooner or later will reach a place where the observer is located.
For example, Figure 2 shows the paths of photons that have reached our place at time η * < η 0 and at the current epoch η 0 . If η e + χ e > η ∞ , then photons with such coordinates do not ever reach our place. According to the equality η e + χ e = η ∞ , it would seem that the photon still has to reach the observer, at least at an infinite time, but even such event is impossible. From behind the first horizon, the radiation has not reached the observer yet. The second horizon separates the region of time and points from which radiation cannot reach the observer because the photons coming from there are moving away from the observer. This is true since space expands at speeds higher than the speed of light, and these speeds are increasing with time. Now we see the universe right up to the redshifts z ≈ 10, but this is its past. The objects located now on the redshifts z ≥ 1.725, we will never see.
Indeed, if a photon is now emitted toward us from a place with coordinate χ o , then the The sphere of such a radius is the current second horizon. Thus, the radiation from the points now located at distances of 4.84 Gpc from us will never reach us, even in the infinitely remote future. Figure 3 shows distances l rs to the photons arriving to the observer at the epoch when η = 2 (Figure 3 left) , and at the current epoch (Figure 3 right) . In Figure 4 these distances are given for cases when the sum of the coordinates of time and location of the photon emission is equal to η ∞ (Figure 4 left) and larger than that (Figure 4 right) , both as a function of values of x. Figures also show curves reflecting the relationship between the time η e and the location χ e of the photon emission.
Generally speaking, if a photon has emitted at a point where the expansion speed is greater than the speed of light, this does not necessarily mean that it will not reach us. As is known, cosmological expansion occurs in the same way with respect to all points of space, and it starts after a period of inflation with a very high speed (formally infinite, according to formula (34), which defines Big Bang), although in the beginning the expansion was slowing down. A photon emitted from far away, where the speed of expansion is large but closer than the horizon, still comes to us, because it gradually moves into layers of space expanding at a slower and slower rate. At some point its velocity toward us becomes zero, and then becomes negative, that is, it begins to approach us. However, it takes a long time for the photon to reach us. Consider, for example, the galaxy, observed by us now at redshift z = 3, according to Table 2 moves away from us with a speed of H 0 l = cl = 1.51c, and earlier its speed was greater. At the same time, its radiation traveled to us for 11.5 billion years, that is, we see this galaxy as it was in the distant past, when neither the Earth, nor even the Sun existed (but the galaxies and stars of the previous generations have already formed). Figure 3 shows that for a photon emitted sufficiently early, its distance from us first increases, which means an expansion with speed larger than the speed of light, faster than the photon speed. From the point where the distance reaches a maximum, the photon begins to approach and finally comes to us. However, this is not possible, as shown in Figure 4 , if η e + χ e ≥ η ∞ , even if the equality is true. Figure 4 left shows that a photon emitted at the second horizon, and then travels along it, would arrive at the observer after an infinite time; in fact, the photon only recedes along with the horizon. After an infinite time such a photon will be at a distance l Λ ≈ 5.0 Gpc, since the factor η ∞ − η in the formula (52) at χ e + η e = η ∞ tends to zero if t → ∞, while the factor a(η) → ∞, but their product remains finite. A photon emitted at η e + χ e < η ∞ someday, maybe, after a very long time, will reach the current place of our civilization, but one emitted at η e + χ e > η ∞ will only recede from this place, and from some moment exponentially fast. The reason for this is the accelerated expansion of space. Thus, galaxies located on the second horizon and behind it will forever disappear from our field of view. These statements follow from the formulas given below. the first horizon determined the initial possibility to do observations (if there were observers at that time). Since then, the second horizon has become closer to us and it is the second horizon that limits the area of the visible universe. Figure 6 , left plots the accelerations of the horizons and Hubble distance, measured in units of cH Λ , on a logarithmic scale. Only the acceleration of the second horizon is a monotonic function;l GHor has a minimum, whilel H has both a minimum and a maximum. The figures show a linear increase of the accelerationl GHor with x > 1, and the equality of the rates of decrease of the accelerationsl H andl according to the asymptotes (51) and (61). Figure 6 , right shows the relationship of the scale factor a and cosmological time t with the parameter x.
Connection with extraterrestrial civilizations
Suppose that at our epoch (t = t 0 , η = η 0 ) a radio signal is emitted in some direction. The distance to it increases and for a value of the time coordinate η the distance will be equal to l ph = l 
For brevity, we omit the factor l 0 H , which means that we use distances measured in units of the Hubble distance. On the way, the signal meets objects with a fixed spatial coordinate χ O = η 0 −η O . Distances to them grow only due to the cosmological expansion, that is, increasing scale factor:l O = a(η)(η 0 −η O ). The signal catches up with the object when their distances from us becomes equal, which occurs at the moment η mt , when
Since η mt can not exceed η ∞ , the signal can meet for a finite (although, perhaps, very large) time only those objects which have the coordinate equal to χ O < η ∞ − η 0 = 1.13. This implies that the coordinate has the same boundary as a photon traveling toward us. This boundary is the second horizon (see above), and η O > η lim = 2η 0 − η ∞ = 2.19. Figure 7 , left contains lines that plot the dependence of the distance l O on the coordinate x for six objects. Positions of the signal path and the kinematic horizon are indicated as well. The objects are characterized by values of η O = η lim + 0.2n, n = −1(1)4. The corresponding values of x O , the scale factor a O = a(η O ), and the redshift z O , as well as the current distances to these objects l 0 O , are given in Table 5 . It can be seen from the figure that the emitted signal reaches the objects only when n = 1, 2, 3, 4. The signal comes earlier to objects with larger values of η O , and hence smaller values of z O and l O . These objects are located closer to the place and moment of the signal output at the moment of its emission. The signal only catches up to objects with n = 3 and 4, for which the values of η O are equal to 2.79 and 2.99, respectively, before they cross the second horizon. The condition of this is η 0 − η O < η ∞ − 2η O + η O , that is, η O > η h = 3η 0 − η ∞ 2 = 2.758. The distance between the object, which is now almost on the second horizon (the current distance to it is 4.84 Gpc and its redshift is 1.72), and the signal In an extreme case, if we assume that η 0 ret = η ∞ then the condition imposes a restriction on the coordinate η O : η O > (3η 0 − η ∞ )/2. This restriction coincides with the condition that the signal reaches the object (civilization) before the latter reaches the second horizon. The restriction on the spatial coordinate is as it was previously:
These arguments are purely theoretical, since sending a signal makes sense only to objects located not farther than several dozen light years, otherwise waiting for a possible answer will take too long a time. In addition, signals either need to be sent in a very narrow solid angles, or they should possess very high energy to penetrate to a sufficiently large distance. Although the above arguments have a purely theoretical or even academic character, they establish fundamental, limiting restrictions imposed by the model. They can be related either to epochs when our civilization on the Earth has not existed yet, or has not been able to realize connections with other civilizations, or to the epochs when the Sun and Earth will not exist in their current form anymore. However, these same arguments apply to any arbitrary point of the universe and to civilizations that may arise and prosper at any time.
Conclusion
Therefore, our paper gives a quantitative description of geometric and kinematic properties of the model, which is now considered as the most adequate model of the existing universe.
